Abstract. We obtain formulas for certain weighted sums of values of the symmetric square and triple product L-functions. As a consequence, we get exact values at the right critical point for the symmetric square and symmetric cube L-functions attached to certain cuspforms. We also give applications to Fourier coefficients of modular forms.
Introduction
In [23] Zagier found exact values of the standard degree-2 L-function and the symmetric square L-function attached to the weight 12 and level 1 cuspform Δ 12 (z). The values of the symmetric square L-function were given in terms of the square of the Petersson norm of Δ 12 (z), powers of π, and explicit rational numbers. From these results and numerical computations, predictions were given in [23] for certain exact values of the symmetric cube and the symmetric fourth power L-functions attached to Δ 12 (z).
Using the methods of [23] , Dummigan [6] found values of symmetric square Lfunctions attached to cuspforms of level 1 and weights 12, 16, 18, 20, 22 , and 26 at all the critical points in the sense of Deligne [5] . He also studied the rational numbers that occur in these values and related primes that occur in the numerators of the rational parts to Shafarevich-Tate groups. In [15] Katsurada applied the method of pullbacks of Eisenstein series due to Böcherer [1] and Garrett [8, 9, 11] to the study of the values of the symmetric square L-functions. These results illustrate how the rational parts of the values can be naturally expressed in terms of Bernoulli numbers B n and the generalized class numbers H(r, n) of Cohen [3] . This method was used by Heim [13] to study Ramanujan's τ -function, which gives the Fourier coefficients of Δ 12 (z).
In [10] Garrett discovered an integral representation of an L-function attached to three cuspforms by investigating the pullback of a Siegel Eisenstein series of degree-3. Taking the three cuspforms to be identical, special value results were obtained for the symmetric cube L-function. These results for the triple product and the symmetric cube were extended in [12] and [17] . In [20] Mizumoto verified Zagier's predictions for the symmetric cube L-function of Δ 12 (z). His method started from Garrett's integral but went via the 2 + 1 diagonal and so replaced one of the degree-1 cuspforms with a Klingen Eisenstein series. This avoided the degree-3 Eisenstein series and so avoided certain difficulties that arise by using Garrett's integral directly. Note that Mizumoto's method applies to other critical points as well, and these difficulties are most relevant for obtaining these other values.
In this paper we use the pullback of Siegel Eisenstein series of degree-3 to obtain exact values for certain cuspforms of symmetric cube L-functions at the right critical point. We avoid some difficulties by switching to adelic language in certain places. We first redo the results of [15] for level 1 cuspforms and express the rational parts of the values of certain symmetric square L-functions in terms of the Fourier coefficients of Siegel Eisenstein series of degree-2. This gives an expression for the values in terms of B n and H(r, n). We use Garrett's integral to express a weighted sum of the values of certain triple L-functions in terms of values of symmetric square L-functions and Fourier coefficients of Eisenstein series of degrees 1 and 3. From the values of the symmetric square L-functions and Katsurada's explicit formula for the Fourier coefficients of Siegel Eisenstein series of degree-3 in [14] we can express the weighted sum in terms of B n and H(r, n). For certain weights, this gives exact values for the product of a symmetric cube L-function and the square of a standard degree-2 L-function. The method here leads to essentially different computations than those done by Mizumoto for the right critical point, as the latter involve values of twisted degree-1 L-functions.
The values of the symmetric square and the symmetric cube L-functions are given in Tables 1 and 2 , respectively. Those of the symmetric square are known and those of the symmetric cube are mostly new. The special value results follow from Theorem 1 and equation (3.9) in Section 3. The precise definitions of the L-functions and of B n and H(r, n) are given in Section 2. 
For κ ∈ {12, 16, 18, 20, 22, 26} let Δ κ (z) denote the unique weight κ and level 1 cuspform normalized so that the first Fourier coefficient is 1. We have
and so Theorem 1 immediately gives the values in Table 1 The values in Table 2 are obtained by equation (3.9) and are all contained in Dummigan's article [6] , who used the methods of [23] . As in (1.1) we can also use (3.9) to get the following result for the cuspforms of weight 24: 
where C + and C − are certain periods in the sense of [22] 
we have the ratio
(1.2)
We calculated (1.2) numerically using 2000 factors in the Euler product for κ as in Tables 1 and 2 . We compared these to the values of the ratios obtained using the results in Tables 1 and 2 , and found agreement to 47 decimal places. In Section 2 we define the Eisenstein series and the L-functions that we work with and give the definitions of B n and H(r, n). In Section 3 we prove an explicit decomposition of the restriction to the diagonal of Siegel Eisenstein series of degree-2 which gives the values in Table 2 . We also give certain applications of this formula. We prove a decomposition formula for the restriction to the diagonal of Siegel Eisenstein series of degree-3 in Section 4. This makes precise a general description of the restriction first stated in Section 6 in [10] . We switch to adelic language in certain places of both sections to simplify some computations. In the last section we use Katsurada's formula for the Fourier coefficients of Siegel Eisenstein series of degree-3 in [14] to prove Theorem 1. The numerical computations here were performed using Mathematica 6.0.
The author thanks the referee for numerous suggestions and corrections which greatly improved the paper.
Siegel Eisenstein series and L-functions
in n × n blocks. For a commutative ring R let R × denote the group of units of R, M n (R) the set of n × n matrices with entries in R, and let
where g T is a matrix transpose. Consider the Siegel parabolic subgroup
the Klingen parabolic subgroup for n = 2,
and the Borel subgroups for n = 1 and 2,
Let n ∈ Z >0 and let κ > n + 2 be an even integer. The degree-n Siegel upper half-space is
Recall that a coprime symmetric pair of matrices {C, D} satisfies CD T = DC T and the entries are coprime in the sense that if GC and GD are both matrices with integral entries, then so is the matrix G. From Maass [19] this is the same as the ordered pair (C, D) having a completion to an element ( A B C D ) ∈ Sp n (Z). Note that two coprime symmetric pairs are said to be equivalent if (C, D) = G(C , D ) for some G ∈ GL n (Z). Then we define the weight κ and level 1 Siegel Eisenstein series of degree-n by
where {C, D} ranges over all representatives of equivalence classes of coprime symmetric pairs of degree-n. For computational reasons, it will be convenient to temporarily switch to adelic language. Recall that the profinite completion of the integers is Z = lim ← − Z/nZ and the ring of integral adeles is A Z = R × Z. The ring of rational adeles is A Q = Q ⊗ A Z and J Q = A × Q denotes the ideles. Let A 0 denote the finite adeles of Q. Following [11] , we can associate to a holomorphic modular form f (z) on H n a holomorphic modular form on Sp n (R) and then a holomorphic modular form on Sp n (A Q ) in the following way.
We temporarily label this function Ψ f (g) and we say that Ψ f (g) is holomorphic of weight κ if Ψ f (g) (and also f ) is holomorphic of weight κ. Similarly, Ψ f (g) is a cuspform if Ψ f (g) (and f ) is a cuspform. By abuse of notation, for simplicity we relabel Ψ f (g) by f (g) throughout.
For
Consider the diagonal embedding ι :
The respective embedding of groups is ι :
These embeddings are compatible in the sense that for
and note that this holds
Set q = e 2πiz and let f (z) = ∞ n=1 a f (n)q n be a normalized cuspform of weight κ and level 1 that is an eigenfunction of the Hecke operators at all primes. We define the standard degree-2 L-function attached to f (z) by
which converges for Re(s) > (κ + 1)/2. For any prime p, {α p , α p } are the Satake parameters of f (z) where α p α p = p κ−1 and α p + α p = a f (p). Via the Mellin transform, this L-function has a holomorphic continuation to C with a functional equation and critical set {1, . . . , κ − 1} in the sense of [5] .
For the real part of s sufficiently large, the symmetric power L-functions of f (z) are defined by the Euler products
and, in particular,
These last two are known to have analytic continuations to C from [1] and [16, 17] , for example. The critical set of both L-functions is {1, . . . , 2κ − 2}. For 3 cuspforms f 1 , f 2 , f 3 of weight κ and respective Satake parameters {α p,j , α p,j } for j = 1, 2, 3 we define the triple product L-function by
From [10] this has a meromorphic continuation, a functional equation, and critical set {κ, . .
The Bernoulli numbers B n are rational numbers defined by the generating function
From [3] the generalized class numbers H(r, n) are rational numbers and H(r
for D ≡ 0, 1 (mod 4), and 0 otherwise. Then the generalized class numbers are defined by
If D is a discriminant of a quadratic field extension, then
is a generalized Bernoulli number and
is a Bernoulli polynomial.
Restriction of Siegel Eisenstein series of degree-2 and applications
In this section we give a decomposition formula for the restriction to the diagonal of Siegel Eisenstein series of degree-2. In essence this result is already known; see [1] and [9] 
Recall that by a cuspform on SL 2 (A Q ) we mean in the sense of Section 2. That is, f (g) is the cuspform Ψ f (g) associated to a cuspform f (z) on H 1 .
Lemma 1 ([2, 9]). The double coset space
2 ) has representatives 1 4 and ξ = 
. The respective isotropy groups in ι(SL 2 (Q)
2 ) are
The following integral representation has a generalization to n ∈ Z >0 , but the n = 1 case is the one relevent for our purposes.
Theorem 2 ([2, 8]). For f ∈ B κ we have
From Lemma 1 we have
2 ) and therefore we get the decomposition of the adelic Eisenstein series
From [9] we have the following.
is a cuspform on SL 2 (A Q ) of weight κ in each of the variables g 1 and g 2 .
Thus we can write
for constants c(f 1 , f 2 ). By Theorem 2 and Lemma 2 we have for any f 1 ∈ B κ ,
It follows that
if f 2 = f 1 and 0 otherwise. Thus
Applying (3.2) and (3.3), the decomposition in (3.1) can be precisely written
The Fourier expansion of a (classical) Siegel Eisenstein series of degree-2 is
where Tr is the matrix trace and Λ = { . From [7] we have
where H(r, n) is the generalized class number defined in Section 2. By applying Siegel's Φ-operator (see the proof of Lemma 6 in Section 5 for a discussion of this operator) we have
Note that formula (3.5) reduces to this for T = ( n 0 0 0 ). Set q j = e 2πiz j . Restricting the Fourier expansion above we get
where Λ(n 1 , n 2 ) =
Taking the Fourier expansions of the terms in the right-hand side of (3.4) (in classical language)
Setting z 2 = 0 in (3.7) and applying (3.6) we get
Equating (3.6) and (3.7) and setting n 2 = 1 gives us
From (3.5) we can write
For n 1 ≥ 1 this gives
Now take n 1 = 1 and apply the values ζ(n) = (−1) n/2+1 2 n−1 B n π n /n! and ζ(1 − n) = −B n /n for n even to (3.8). For B κ and B n as in Theorem 1 we then have
This is essentially in [15] but is used in the proof of Theorem 1, so we include it here for completeness. Taking κ ∈ {12, 16, 18, 20, 22, 26} gives Table 2 .
For κ = 4, 6, 8, 10, 14, (3.8) gives
Note that the κ = 4, 6 cases of this are on p. 277 of [3] and the κ = 8, 10 cases are in [7] .
Recall from Section 1 that where replacing Δ 24,2 (z) for Δ 24,1 (z) on the left-hand side gives the (Galois) conjugate of the right-hand side.
As a further application of (3.8) we obtain the formula 23 · 691
This implies the well-known congruence τ 12 (n) ≡ σ 11 (n) (mod 691) due to Ramanujan. See [13] for details where this was obtained independently. Note that in a similar way we can also obtain further congruences for higher weights as in [4] .
Restriction of Siegel Eisenstein series of degree-3
In this section we prove a precise decomposition formula for Siegel Eisenstein series of degree-3 restricted to the diagonal. Such a decomposition was first described in Section 6 in [10] , but there only the last term below was given explicitly.
Proposition 1. Let E 3,κ (z) be the Siegel Eisenstein series of degree-3 and let B κ be as in Theorem 1. Then
Let ι denote the diagonal embedding (either of degree 2 or 3 depending on the context). For g 1 , g 2 ∈ SL 2 (Q) we define the following embeddings of SL 2 (Q)
has 5 orbits, with representatives 
The respective isotropy groups inside ι(SL
, and
Proof. From Proposition 3.1 of [9] we have that
has 2 orbits, with representatives 1 6 and ξ and respective isotropy groups ι(B 1 (Q)× P 2,0 (Q)) and
From Lemma 1, the last double coset of (4.
2 ) and ι(SL 2 (Q) Δ ). Thus the double coset on the left-hand side of (4.2) has 2 orbits with representatives ι (1 2 , 1 4 ) = 1 6 and ι(1 2 , ξ) and respective isotropy groups ι(B 1 (Q)
3 ) and ι 23 (SL 2 (Q)×B 1 (Q)). It follows that the double coset (4.1) has these representatives (so far) with the respective isotropy groups ι(B 1 (Q)
3 ) and ι 23 
Note that
By the right action of ι(SL 2 (Q) 2 ) on this space, we can assume that (z, w) = (0, 0). Thus this action transforms the above space into respectively. See also Proposition 2.4 of [10] . These representatives have the respective isotropy groups ι(B 1 (Q), SL 2 (Q)), ι(SL 2 (Q), B 1 (Q)), and
Thus the isotropy groups of (4.3) are written as ι 13 (SL 2 (Q), B 1 ), ι 12 (SL 2 (Q), B 1 ), and Θ(Q) with the representatives as in the statement of the theorem.
Lemma 3 implies the decomposition
As in Section 3 this implies the following decomposition of the pullback of E 3,κ (g),
We consider each term in (4.4). Following Section 2 we have that (4.5)
Thus for the second term in (4.4) we have
From (3.3) we have
and γ∈B 1 (Q)\SL 2 (Q) 1,κ (γg 1 ) = E 1,κ (g 1 ). Thus this term is
The representative ξι(1 2 , γ 1 ) can be given as ι(ξ, 1 2 ) and for
Thus we can apply the same analysis as above to the third and the fourth terms in (4.4). This gives
respectively.
We now consider the last term. Note that Mizumoto [20] states that the identity in Theorem 1.3 in [10] should be multiplied by 4. This is due to a non-archimedean computation in Section 3 of [10] . In particular, in the notation of [10] , forγ ∈ P 2,1 (Z)\Sp 2 (Z) we can writeγ = ξι 1,1 (γ, A ,ν γ ) for γ, γ ∈ P 1,0 (Z)\Sp 1 (Z) and
for , ν ∈ Z (and not just in Z >0 ). Thus the expression (3.6.2) in [10] should read
where f, ϕ are elliptic cuspforms of weight 2κ and D (2) ψ is a certain Dirichlet series attached to an elliptic cuspform ψ of weight 2κ. Here we consider cuspforms of weight κ, so this implies the following integral representation.
Furthermore, as a consequence of this and [10] we have the result.
Lemma 4. γ∈Θ(Q)\SL
in each of the variables g 1 , g 2 and g 3 .
Following Section 3, from the integral representation of Theorem 3 and Lemma 4 we have that the last term in (4.4) is by (a, b, c) . 
Proof. These formulas follow from Katsurada's explicit formula for the Fourier coefficients of a Siegel Eisenstein series of degree-3 from [14] . More precisely, for T a positive definite half-integral matrix over Z of degree-3, Theorem 1.1 from [14] gives the formula
where B i is the i th Bernoulli number and F p,κ (T ) is a polynomial in p defined on p. 203 of [14] . It is straightforward that for T = (0, 0, 0) we have p = 2 and F 2,κ (0, 0, 0) = 2 2κ−4 − 1. In a similar way we have F 3,κ (0, 0, 1/2) = 3 κ−2 − 1 and F 2,κ (0, 1/2, 1/2) = 2 κ−1 − 1. Also, F p,κ (T ) = 1 for all other primes and T 's as above, and this gives the result. Also see the tables from [21] .
The Fourier coefficents of the right-hand side of Proposition 1 at n 1 = n 2 = n 3 = 1 are readily computed from the special value results and (3.9) in Section 3. We use Lemma 5 to compute this Fourier coefficient on the left-hand side of Proposition 1.
Lemma 6. The Fourier coefficient of the
Proof. We have (1,1,1) A 3,κ (T ) where
Taking ( 1, a, a), (a, 1, a), (a, a, 1 . It is elementary that the matrices above are respectively equivalent to
The Fourier coefficients A 3,κ (T j ) for all of these T j 's can be determined by Siegel's Φ-operator. Recalling the definition from [18] , let z = z 0 0 it ∈ H n where z ∈ H n−1 and t ∈ R. Then Siegel's Φ-operator on a modular form f (z) of degree-n and weight κ is The operator maps modular forms of degree-n to modular forms of degree-(n − 1) and is surjective for κ > 2n. For a modular form of degree-n with Fourier expansion f (z) = T ≥0 A n,κ (T )e 2πiTr(T z) we have (Φf ) (z ) =
T ≥0
A n,κ T 0 0 0 e 2πiTr(T z ) .
From Theorem 2 on p. 72 of [18] we have that Φ takes Siegel Eisenstein series of degree-n to Siegel Eisenstein series of degree-(n − 1). It follows that we have Table 3 . The Fourier coeffiicent of the term n 1 = n 2 = n 3 = 1 of the restriction of the weight κ Siegel Eisenstein series of degree-3, E 3,κ (ι (z 1 , z 2 , z 3 ) ).
κ q 1 q 2 q 3 Fourier coefficient of E 3,κ (ι (z 1 , z 2 , z 2 ) We have from (3.5) that
We then apply the relevant critical values of ζ(s) and the result from (3.9). Solving for the weighted sum of the triple product L-functions proves Theorem 1.
